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REVISION 1 TO THE APOLLO 13 (MISSION H-2)
SPACECRAFT DISPERSION ANALYSIS
VOLUME IV - DESCENT AND ASCENT DISPERSION ANALYSES

By Gilbert L. Carman, Moises N. Montez,
and James V. West

PART I - LUNAR DESCENT

1.0 SUMMARY

The results of the Apollo 13 (Mission H-2) dispersion analysis for
the LM descent are presented in the form of statistical tables and
99-percent, 90-percent, and 50-percent landing dispersion ellipses. The
study is based on a nonlinear Monte Carlo analysis, and 100 descents
were run.

In summary, the 99-percent ellipse has been reduced from 1.5 n. mi.
by 0.8 n. mi. as given in the Apollo 13 SC Dispersion Analysis, Volume IV
(MSC IN 70-FM-12) to 0.54 n. mi. by 0.73 n. mi. as a result of a reduc-
tion in flight-path angle uncertainty at PDI, a reduction in the random
bias error, and exclusion of noise effects in computing ARLS. Also, in
the past, if the ARLS was between *2000 feet, it was not incorporated.
Now any ARLS with a magnitude between +30 000 feet is incorporated.

2.0 INTRODUCTION

The purpose of this document is to present the technical approach
assumptions and the results of the final dispersion analysis performed
for the lunar descent phase of Apollo 13 (Mission H-2) as defined in
reference 1. The purpose of the dispersion analysis is to assess the
effects of navigation, terrain, and systems uncertainties on the proba-
bilities for mission success and flight safety.



A nonlinear Monte Carlo analysis of the mission was performed to
permit inclusion of nonlinear effects so that the resultant non-Gaussian
sample statistic could be computed. The covariance matrices sampled by
the Monte Carlo simulation describe the expected navigation accuracies
for Apollo 13. These matrices were generated by the Mathematical Physics
Branch (ref. 2) and the Guidance and Performance Branch.

DAMP

DoI

DPS

FTP

GAC

G&N

LGC

LPD

LR

PDI

PGNCS

RCS

TLAND

GO

1G

3.0 ABBREVIATIONS

ascent propulsion system

descent ascent Monte Carlo program
descent orbit insertion

descent propulsion system

fixed throttle point

Grumman Aerospace Corporation
guidance and navigation

Landing Analysis Branch

IM guidance computer

lunar module

landing point designator

landing radar

powered descent initiation

primary guidance and navigation control subsystem
reaction control subsystem

nominal landing time

time to go

time of ignition



VCO velocity compensating oscillator
AV change in velocity
ARLS landing site vector displacement to correct for down-range

(NOUN 69) or up-range errors in the state vector

4.0 ANALYSIS

Dispersion data for this Monte Carlo analysis were generated by the
LAB DAMP program. This study considered the effects of propulsion uncer-
tainties, landing radar errors, terrain, and terrain slope on the lunar
landing trajectory from lunar orbit. Initial systems errors for each
Monte Carlo cycle were selected by a random number generator. Navigation
uncertainties were incorporated into the initial state vector for each
cycle by sampling a covariance matrix. Statistics were generated for
the dispersion data at eight points in the trajectory. A detailed descrip-
tion of the major points which constituted this Monte Carlo analysis is
given in subsections 4.1 through 4.3.

4,1 Descent Trajectory and Guidance

The latest descent targeting philosophy was used to generate the
desired conditions used in this study; these conditions are documented
in reference 1. The descent burn will be the only burn to be done with
the DPS because the CSM will place the IM into an 8-by 60-n. mi. orbit.

During the powered descent, a ARLS will be incorporated if the down-
range (or up-range) error is less than 30 000 feet. The following
equation will be used to determine the ARLS magnitude.

ARLS = AUDOT * |§|/|?f|
where

AUDOT = the difference between the PGNCS velocity vector and the
powered flight processor velocity vector projected
onto the PGNCS position vector

=]
n

PGNCS position vector

<
[

PGNCS velocity vector



A ARLS will be incorporated at PDI plus 2 minutes if AUDOT is less
than 30 fps. A AUDOT of 30 fps is equivalent to a ARLS of 30 000 feet

because |R|/|V| is approximately 1000 seconds.

The simulation was initialized over the landing site one revolution
prior to landing. The sequence of events was as follows.

a. OSample a covariance matrix to initialize the state vector.
b. Coast with an ENCKE program to TLAND - 830 sec
c. Execute the ignition algorithm.

d. Perform the powered descent.

All the navigation and guidance routines used in the simulation
were acquired from reference 3 except for the ENCKE and the DOI targeting
routine.

k.2 Error Sources

The PGNCS errors considered in this analysis were accelerometer bias,
scale factor, gyro bias drift, misalinement, and acceleration sensitive
gyro drift for both the input axis as well as the spin reference axis.

The 30 values for these errors were obtained from reference 4 and are

listed in table I.

The terrain variation model for Fra Mauro (ref. 5) was used with a
30 uncertainty of #*1° in terrain slope superimposed on the terrain for
ranges of less than 40 kilometers. Elevation uncertainties are computed
in the following manner.

If range < L0 km, use -TS *Range
If range > 4O km, use -TS *¥(LO km)

where TS 1s the tangent of the uncertainty in the terrain slope. A
positive slope is defined as one which slopes up (from the IM) toward
the landing site.

The LM DPS model (Victory T7) used in this analysis is described in
reference 6. It is a linear DPS engine model that used basic acceptance
test data and adjusts them to flight interface conditions. Interface
conditions calculated in Victory T are functions of vehicle longitudinal
acceleration and propellant flow rates. Engine characterization data and
class coefficients which were used in this analysis are documented in
reference T,



Navigation uncertainties for a position and velocity vector one
revolution prior to landing were used in the form of a covariance matrix.
Matrix (a) in table II was generated by the Guidance and Performance
Branch and represents the uncertainties of the actual from reference.
Matrix (b) was generated by the Mathematical Physics Branch and describes
the uncertainties of the estimated about the actual.

Entries in the matrix are given in a UVW system which is defined as

follows.
r

U= Tifr , Vertical

V =W x U, down range

X

R P

where r is the position vector and v is the inertial velocity in selen-
ocentric coordinates.

=
1<

The landing radar model used in the studies for the report was the
GAC mathematical model of reference 8. This model includes terrain
effects and detailed track logic based on signal to noise ratio calcula-
tions. A detailed error model is also included which introduces the
following error sources into the range and velocity measurements.
a. Deterministic errors
l. Terrain bias error
2. Preamplifier slope error
3. VCO drift error
4. Dynamic lag error
5. Doppler compensation error
b. Random bias errors
l. Boresight misalinement error

2. Installation misalinement error

3. Modulation rate error



¢c. Random fluctuation errors
1. Spread spectrum error
2. Doppler compensation error

3. Quantization error
The R2 potential function was modified as suggested in reference 9

to obtain the L1 potential function which was used to update the actual
state vector.

All the parameters which are randomized during each Monte Carlo
cycle are listed in table III.
4.3 Statistical Output

Covariance matrices were generated at landing and at powered
descent initiation. The format for these matrices is the following.

[ =R ,
6« 0 L.covariance terms)
A EA
6 x 6
— AW
1x1
13 x 13
where 6_:IE-AR describes the uncertainty of the actual about the reference
(*:A?~13 describes the uncertainty of the estimated about the actual
0) ) LA
I‘:AE'T describes the uncertainty in weight

The state vector uncertainties in these matrices are given in the
PGNCS stable member coordinate system (ref. 3).

Statistics were computed for the parameters defined in table IV at
each of the following points in the descent trajectory.

a. PDI

b. High gate



c. Ranges of 20 000, 10 000, 5000, and 2000 feet
d. Vertical descent initiation
e. Landing

Statistics were generated only for cases which did not violate any
of the following abort criteria.

a. Propellant depletion prior to lunar landing

b. Failure to achieve landing radar altitude update initiation
prior to high gate

¢c. Lunar landing prior to the vertical descent phase

d. Violation of the L-second APS abort boundary (altitude versus
altitude rate constraint) prior to 600-foot altitude above lunar surface

e. Throttle recovery later than 15 seconds into P6L

5.0 DISCUSSION AND RESULTS

One hundred descents were run, and none of these violated the abort
criteria defined in the preceding section. The results for the 100
successful landings are presented in the form of statistical tables and
landing dispersion ellipses. This discussion includes dispersions at
PDI; landing radar acquisition; throttle recovery; dispersions at high
gate, glide path, and low gate; dispersions at vertical descent; pitch
dispersions at landing and DPS burn time; landing dispersion ellipses,
landing velocity; AV and propellant dispersions; and time histories
with associated 30 dispersions for selected parameters.

The summary for the statistical parameters is presented in table V
while the covariance matrices which were generated in this study are
presented in table VI.

5.1 Dispersion at PDI

No convergence problems caused by dispersions at PDI were encountered
in the ignition computation. Because of navigation uncertainties, the
30 dispersion in perilune altitude is 7800 feet. The 30 dispersions in
vertical and horizontal velocity (at PDI) are #7.0 fps and +11,0 fps,
respectively. Dispersions of this magnitude can be corrected by the
G&N system and will result in a safe landing.



5.2 Landing Radar Acquisition

Landing radar acquisitions of altitude and velocity data nominally
occur at altitudes of 35 100 feet and 1T 600 feet, respectively. The
30 high and low altitudes for landing radar altitude acquisition are
37 300 feet and 32 900 feet, respectively. The 30 high and low altitudes
for velocity acquisition are 19 250 feet and 15 950 feet, respectively.

5.3 Throttle Recovery

Throttle recovery nominally occurs at t = 182 seconds (approxi-

GO
mately 120 sec prior to high gate because target switch occurs when
tGO = 62 sec). A 30 high value for tGO at throttle recovery is

228 seconds, and a 30 low value would be 132 seconds. The shutoff valve
malfunction, which would reduce the tGO at throttle recovery by

60 seconds, is not incorporated in these values. These statistics
indicate that without a shutoff valve malfunction there will be at least
a TO-second period of throttle recovery in which to meet the target
conditions at high gate. A minimum throttle recovery time of 30 seconds
has been shown to be adequate in previous studies.

5.4 High-gate Dispersions

Nominally, high gate occurs at an altitude of 6900 feet with a
flight-path angle of -22° and a vertical velocity of -178 fps. The 30
high values for altitude, flight-path angle, and vertical velocity are
7900 feet, -26°, and -210 fps, respectively. The 3¢ low values, in the
same order, are 5900 feet, -18°, and -148 fps. These dispersions do not
indicate a flight safety problem at high gate.

5.5 Glide Path

The 30 altitude dispersions at ranges of 20 000 feet, 10 000 feet,
5000 feet, and 2000 feet are *900 feet, *510 feet, *330 feet, and
+200 feet, respectively. The 30 approach corridor for Apollo 13 is pre-
sented in figure 1(a). The 10° angle indicated on figure 1(a) is the
nominal sun elevation angle at landing for an April launch (ref. 10).
Altitude versus range for the nominal trajectory as well as the 30
altitude dispersions are presented in figure 1(b) for ranges less than
TO 000 feet.



5.6 Low Gate (range of 2000 ft)

Low gate occurs nominally at an altitude of 500 feet. The approach
trajectory has been designed to provide a more efficient automatic
trajectory and an improved redesignation capability at low gate. The
statistics presented in this section were computed at a range of
2000 feet, which is approximately the range at which low gate occurs.
The nominal values for horizontal velocity, vertical velocity, and pitch
are 84 fps, -16 fps, and 23°, respectively. The 30 dispersion of these
parameters are *3,3 fps, +6 fps, and +1,0°, respectively. These disper-
sions are considered to be within the capability of the pilot to perform
his takeover function.

5.7 Vertical Descent

The nominal altitude at vertical descent initiation is 100 feet
(no terrain). A 30 high altitude at vertical descent initiation is
113 feet, and a 30 low altitude is 89 feet. These altitudes include
terrain effects and are for completely automatic landings. Terminal
propellant dispersions are extremely sensitive to altitude dispersions
at vertical descent initiation because of the small vertical rate. For
each second of time, approximately 9 pounds of propellant is expended,
and altitude is reduced by only 3 feet. Therefore, propellant dis-
persions caused by this effect are 3 1b/ft.

5.8 Pitch at Landing (Landing Gear Probe Contact)

The nominal pitch (from local vertical) at landing is 0°. The 30
low and high samples are -0.2° and 0.2°, respectively. These values
were well within the 6° constraint of reference 11.

5.9 Powered Descent Burn Time

The nominal DPS burn time is 684 seconds, and there is a 99-percent
probability that the time will be less than 702 seconds. The smallest
sample was 666 seconds. These dispersions indicate that there is no
conflict with the DPS burn time constraint, which is approximately
910 seconds.
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5.10 Landing Dispersion Ellipses

The 99 percent ellipse has been reduced from 1.5 n. mi. by 0.8 n. mi.
to .54 n, mi. by .73 n. mi. as a result of a reduction in flight-path
angle uncertainty at PDI, a reduction in the random bias error, and exclu-
sion of noise effects in computing ARLS. Also, in the past, if the ARLS
was between +2000 feet, it was not incorporated. Now any ARLS with a
magnitude between *30 000 feet is incorporated.

Table VII presents the 99-percent, 90-percent, and 50-percent proba-
bility ellipses, and the 99-percent ellipse is plotted in figure 2.

5.11 Landing (Landing Gear Probe Contact) Velocity

Nominal horizontal and vertical velocities at landing are 0,008 fps
and -3 fps, respectively. The 30 dispersions, in the same order, are
+0,8 fps and #0.4 fps. No free-fall effects are reflected in these
velocity uncertainties. The 30 velocity error ellipse is compared in
figure 3 with the landing gear constraints at landing specified in
reference 11.

5.12 AV and Propellant Summary

The AV and propellants are summarized in this document for an auto-
matically guided descent only; that is, manual translation and landing
site redesignation (manually input) are not considered. The AV and
propellants required are tabulated at major event points during the
descent in table VIII(a). The fuel, oxidizer, and total propellant
results are derived by use of the linear propulsion system model (ref. 6).
The propellant status for the total descent is presented in table VIII(Db),
which includes loaded propellant, propellant consumed, and usable remain-
ing propellant. Usable remaining propellant is, by definition, the
propellant remaining at landing which can be used for AV. The usable
remaining propellant values do not allow for system malfunctions, biases,
or contingency situations (redline low-level sensor, engine valve
malfunction).

5.13 Time Histories and Dispersions for Selected Parameters

Time histories for selected parameters which are significant
during the powered descent are shown in figure 4. Each plot contains
time histories for TO randomly selected trajectories. The outer
traces approximate the 30 cases.
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6.0 CONCLUSIONS

There were no violations of known systems or trajectory constraints.
A1l 100 descents were successful. The 99 percent ellipse has been
reduced from 1,5 n, mi., by 0.8 n. mi. to .54 n. mi. by .73 n. mi. as a
result of a reduction in flight-path angle uncertainty at PDI, a reduc-
tion in the random bias error, and exclusion of noise effects in comput-
ing ARLS. Also, in the past, if the ARLS was between *2000 feet, it was

not incorporated. Now any ARLS with a magnitude between *30 000 feet is
incorporated.
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TABLE I.- IMU ERRORS

Equivalent errors

Component 30 error . .
in program units

Gyro misalinement 0.057 deg 0.000948 rad
Gyro bias drift .09 deg/hr 136332 x 10=% rad/sec
Acceleration sensitive gyro rad-ft

drift, input axis 2k meru/g 5.L2E-8 sec
Acceleration sensitive gyro rad-ft

drift, spin reference axis 15 meru/g 3.398-8 sec
Accelerameter bias .2 cm/sec? .0065616 ft/sec?

Accelerometer scale factor

300/106

.003
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TABLE IIT.- PARAMETERS RANDOMIZED DURING EACH MONTE CARLO CYCLE

(a) IMU

Gyro misalinement
Coasting flight gyro drift
Powered flight gyro drift
Accelerometer bias

Accelerometer scale factor
(b) IR

Boresight misalinement error
Installation misalinement error
Modulation rate error

Spread spectrum error

Doppler compensation error

Quantization error
(c) Engine model and propulsion system

Thrust

Specific impulse

Mixture ratio

Pressure drop ratio across the injector
Loaded fuel

Loaded oxidizer

Dry weight of LM + APS propellant
(d) sState vector
Navigated position and velocity vectors
(e) Terrain

Terrain slope



FPAG

FPAGT

HORV

HORVT

HDOT

VERVT

PVRT

PVRTT

HEST

HTRU

RANGE

HVIS

HORZ

LATIM

LONLM

HLRA

HLRV

ELANG

ELAS

HPER

HAPO

ECC

13

TABLE IV.- DEFINITION OF SYMBOLS

Estimated flight-path angle, deg
True flight-path angle, deg
Estimated horizontal velocity, fps
True horizontal velocity, fps
Estimated vertical velocity, fps
True vertical velocity, fps
Estimated pitch from vertical, deg
True pitch from vertical, deg
Estimated altitude, ft

Altitude above the local terrain, ft

Z component of IM position vector in the guidance
coordinate system, ft

True altitude at landing sight visibility acquisition, ft
True altitude at horizon visibility acquisition. ft
Latitude of LM, deg

Longitude of 1IM, deg

True altitude at landing radar altitude acquisition, ft
True altitude at landing radar velocity acquisition, ft
Glide angle, deg

LPD angle, navigated, deg

IM perilune altitude, ft

IM apolune altitude, ft

Eccentricity, n.d.



DEVMT

TFIG

BURN

TFXA

WT

TTVIS

WPR

WOX

FC

THF

PIO

PIF

DWO

DWF

RE

REE

CISp

EISP

RESVG

16

TABLE IV.- DEFINITION OF SYMBOLS - Concluded

Total actual accumulated AV, fps

Total DPS burn time, sec

Burn time at FTP (fixed throttle point), sec
TGO at throttle down time, sec

Weight deviation from nominal, 1b

Total landing sight visibility time, sec
DPS propellant remaining, 1lb

DPS fuel remaining, 1b

DPS oxidizer remaining, 1b

Thrust commanded by the guidance, 1b

DPS thrust, 1b

Oxidizer interface pressure, 1b

Fuel interface pressure, 1lb

Oxidizer flow rate, lb/sec

Fuel flow rate, lb/sec

Mixture ratio, n.d.

Effective mixture ratio, n.d.

Specific impulse, sec

Effective specific impulse, sec

Error in flight-path angle, deg
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TABLE VII.- CURRENT ESTIMATE OF LM LANDING DISPERSION ELLIPSE

Accelerometer
biss Pursenl: Down-range Cross-range
(30) ellipse semimajor axis, semiminor axis,
cm/sec’:z p n. mi. n. mi.
0.2 99 0.54 0.73
-2 90 039 052
.2 50 .21 .28
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Figure 3.- Landing gear constraints at landing and three-sigma
velocity error ellipse at probe contact.
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PART 2 - LUNAR ASCENT

A 100-case Monte Carlo dispersion analysis of the Apollo 13 LM
powered ascent from the lunar surface indicates no significant changes
from the dispersions for Apollo 12 (ref. 1). The dispersions, computed
by this analysis, are summarized in the following table.
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